Lattice Langevin equations are derived from the rules of lattice growth models. These provide an exact mathematical description that is suitable for direct analysis, such as the passage to the continuum limit, as well as a computational alternative to kinetic Monte Carlo simulations. This approach is applied to ballistic deposition and a model for conditional deposition, both of which yield the Kardar-ParisiZhang equation in the continuum limit, and a model of strain relaxation during heteroepitaxy.
INTRODUCTION
The morphological evolution of surfaces is often described by idealized lattice models [1, 2] whose transition rules reflect the dominant atomistic processes for a specific experimental setup. Broadly speaking, there are two standard methods for investigating such models. The first is to take the lattice model at face value and carry out a kinetic Monte Carlo (KMC) simulation. This allows detailed studies of the evolution of the microscopic surface morphology and has led to accurate descriptions of several growth experiments [3] [4] [5] . The second method is based on the analysis of a continuum equation for the system at coarse-grained length and time scales. Prominent examples are the Edwards-Wilkinson [6] , Kardar-Parisi-Zhang [7] , and the Villain-Lai-Das Sarma equations [8, 9] .
KMC simulations and continuum equations have led to many insights, but neither method is without inherent drawbacks. KMC simulations do not discriminate between different stochastic processes, such as surface diffusion and deposition [10] , and even a small modification of the transition rules necessitates repeating an entire set of simulations. Moreover, predictions made from KMC simulations are valid only over the time scales and system sizes that are accessible with the available computing resources. Continuum equations, on the other hand, are usually asserted on the basis of phenomenological or symmetry arguments [8, 9] , pre-empting a direct connection between their coefficients and specific atomistic processes. Thus, it is not always clear how a change in the growth conditions affects the continuum equation nor how, or even whether, the early stages of growth can be described.
In this paper, we address these issues by outlining a method for deriving exact lattice Langevin equations and asymptotically exact continuum equations directly from transition rules on a lattice. The lattice Langevin equation provides a computational alternative to KMC simulations and a starting point for further analysis. The associated continuum equation is then obtained with renormalization group methods applied to the smoothed lattice model. This procedure determines the atomistic ancestry of the various coefficients. We illustrate these ideas with applications to several growth models and with the derivation of a continuum equation for a model of strain relaxation during heteroepitaxy, all in 1 + 1 dimensions.
LATTICE LANGEVIN EQUATION
The statistical properties of lattice models are embodied by the master equation [11] ,
where P(h, t) is the probability that the surface has configuration h = {h 1 , h 2 , . . . , h L } at time t, W (h; r) is the transition rate from h to h + r, and r is the array of jump lengths. This equation, which is statistically equivalent to KMC simulations, can be made more analytically amenable by carrying out a Kramers-Moyal-van Kampen expansion [11, 12] . Accordingly, we identify the parameter governing the intrinsic fluctuations [11] as the reciprocal of the deposition unit [13] , which means that deposition onto a site increases its height by 1/ . Upon rescaling the time and height as t → −1 t and h → −1 h, we obtain the lattice Langevin equation [14] 
for i = 1, 2, . . . , L where K (1) i is the first moment of the transition rate, and the η i are Gaussian noises that have zero mean and covariances
in which K (2) i, j is the second moment of the transition rate. These moments are defined by
A limit theorem due to Kurtz [15] [16] [17] states that solutions of the master equation (1) are approximated by those of the Langevin equation (2) with an error of O (ln / ) as → ∞. This expansion relies on the transition rate satisfying two conditions [11] . The first is that W (h; r) is a sharply-peaked function of r in that there is a δ > 0 such that W (h; r) ≈ 0 for |r| > δ. The identification of 1/ with the deposition unit means that this small-jump condition is always satisfied as → ∞. The second condition is that W (h; r) is a slowly-varying function of h, i.e. W (h + h; r) ≈ W (h; r) for | h| < δ, which amounts to a smoothness condition for W (h; r), as will be discussed below. We consider two growth models for which the deposition rate depends on the local height configuration. Our discussion is confined to one-dimensional substrates, but this is not an inherent limitation of our method. The first model, ballistic deposition (BD), was originally introduced as a model for amorphous growth by vapor deposition [18] [19] [20] and is now a prototype for interfacial growth [1, 2] . In the classic BD model a particle impinges onto a randomly chosen site and irreversibly attaches to the first nearest neighbor encountered. The updating algorithm for height h i (t + 1) can be expressed as
In the second model, called conditional deposition (CD), particles are deposited on top of the height columns at randomly selected lattice sites. A deposited particle with no lateral nearest neighbors has probability 1 2 of remaining on that site and probability 1 2 of immediate desorption from the surface, and a particle with one or more nearest neighbors remains on that site, with no subsequent movement.
The first and second moments of the transition rate for BD are, from Eqs. (4), given by
where δ i, j is the Kronecker delta, w (1) j is the probability that h j is increased by one unit, w (2) j is the probability that h j is increased to h j−1 , and w (3) j is the probability that h j is increased to h j+1 :
with w (3) j obtained from w (2) j by making the replacement j ± 1 → j ∓ 1. In these expressions, (x) = 1 − θ(x), δ(x, y) = θ (x − y) + θ (y − x) − 1, and the "discrete step function" θ (x) is
For CD, the first moment of the transition rate is
and K
i . As discussed above, the steps leading to (2) rely on W (h; r) satisfying a smoothness condition. This implies that θ (x) must be a continuous function; otherwise an arbitrarily small change in h could lead to a discontinuous jump in W (h; r). The precise form of θ (x) in the range −1 < x < 0 is determined by the guiding principle that the rules of the lattice model must be satisfied for both continuous and discrete height variables. A general form for θ (x) consistent with these criteria is [21] θ
For BD the correct choice is and a > 0. For arbitrarily small a, the solutions of the lattice Langevin equation agree arbitrarily well with the solutions of the master equation. For CD, the appropriate choice is a = 1. The choices for θ (x) for BD and CD are shown in Fig. 1 .
Equations (6)- (11) completely define the lattice Langevin equation (2) for BD and CD. We have thereby obtained a formulation of these models that captures their atomistic detail, but is suitable for a direct mathematical treatment. In the next section we show that this equation is also a convenient starting point for a multiscale analysis of such models.
UNIVERSAL BEHAVIOR OF COARSE-GRAINED EQUATIONS
Using Eqs. (6)-(9) and (11), together with the appropriate representation for θ (x) in Eq. (12), we can determine the continuum equation of motion associated with these models. Introducing the continuous space variable x and the interpolating height function u(x, t) we find that, on macroscopic time and length scales, BD and CD are both described by the Kardar-Parisi-Zhang (KPZ) equation [7] , where the coarse-grained Gaussian noise ξ(x, t) has zero mean and covariance
The derivation of Eq. (13) is achieved via renormalization group transformations of the microscopic continuum Langevin equation. Thus, the "renormalized" parameters ν, λ, and D can be directly related to the rules of the lattice model. Moreover, this procedure allows us to determine corrections to Eq. (13) for finite time and length scales to any order. However, for these models it is more instructive to compare the numerical integration of the lattice models with the results obtained from Eq. (13) . Surface morphologies are often characterized by the the standard deviation W (L , t) of the height profile. For many models of surface growth, including the KPZ equation, W (L , t) is observed to conform to the dynamic scaling hypothesis [1, 2, 20] 
where
, the scaling function f (x) ∼ x β for x 1 and f (x) → const. for x 1, α is the roughness exponent, z is the dynamic exponent, and β = α/z is the growth exponent. These exponents can be determined from a renormalization group analysis [7, 21] or a data collapse of W (L , t) onto f (x) [20] . KMC simulations and symmetry arguments suggest that BD belongs to the KPZ universality class [1, 2, [22] [23] [24] . This is confirmed by our derivation of the KPZ equation from the rules of BD.
However, a closer inspection of KMC simulations carried out over the past two decades reveals a small but apparently systematic discrepancy with the KPZ exponents. For the roughness exponent, for instance, values of α = 0.42 ± 0.03 [20] , α 0.47 [25] , α 0.45 [26] , and α = 0.42 ± 0.02 [27] have been reported, while the KPZ prediction is α = 1 2 [7] . The scaling exponents obtained from KMC simulations do not seem to conform to any other universality class, so this discrepancy is not likely to be a crossover effect. This is all the more intriguing as other models that are thought to lie in the KPZ universality class (e.g. Ref. [28] ) yield quite good agreement with KPZ theory.
The lattice Langevin equation (2) provides an alternative way of determining the scaling exponents of lattice models. For the CD model the convergence of the interface width obtained from the lattice Langevin equation to that of KMC simulations is shown in Fig. 2 . Similar results have been reported for the Edwards-Wilkinson [13, 14] and Wolf-Villain models [14] . For BD, however, the scaling behavior obtained from KMC simulations is appreciably different from that found from the integration of the lattice Langevin equation. Figure 3 shows that the scaling behavior produced by the lattice Langevin equation is that of the KPZ universality class. Corresponding KMC simulations (not shown) are consistent with previous results [20] .
Which method reproduces the true behavior of BD? This question can be answered only when the origin of these differences is understood. One suggestion [27, 28] is that KMC simulations of BD might lead to erroneous predictions due to a particularly strong coupling of the lattice transition rules to correlations in pseudorandom number generators. In the lattice Langevin equation the noise can vary at each lattice site, so this representation might not suffer from such problems.
STRAIN RELAXATION DURING HETEROEPITAXY
The structure and composition of heteroepitaxial interfaces is determined by several factors, including strain relaxation if the materials involved have different lattice constants. We consider a model [30] of heteroepitaxial growth that incorporates some of the (nonlocal) effects of strain within the (local) hopping rates of active adatoms. For sufficiently large lattice mismatch, this model produces morphologies that resemble arrays of quantum dots. The simplest description is obtained by characterizing the local environment by the number of lateral nearest neighbors, each of which contribute a height-dependent energy E N (h i ) to the hopping barrier:
, where E S is the substrate contribution and n i is the number of nearest neighbors at site i. The hopping rate from site i is ν exp[−β E i (h i )], where ν = 10 13 s −1 , β −1 = k B T , k B is Boltzmann's constant, and T is the absolute temperature of the substrate. Proceeding as above and retaining only the leading terms in the heights, yields
where the signs of ν k and λ k are determined by the derivatives of E N (h i ). Apart from the absence of a sixth-order derivative (and the presence of the stochastic noise), the form of this equation is the same as that derived by Golovin et al. [31] from a small-slope approximation of a model that includes elastic energy, a height-dependent surface energy and the chemical potential of a wetting layer. This difference may provide important clues about the atomistic origins of the morphologies shown in Ref. [31] as well as relating these morphologies to particular materials. Further details will be provided elsewhere.
CONCLUSION
We have described an analytic multiscale approach for systematically relating lattice models to continuum equations. The inherent limitations of KMC simulations and phenomenological continuum equations that were mentioned in the introduction may be overcome with this unified methodology.
